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THEORY  OF  A  GYROVERTICAi  CCHEASS 


A.  Yu.  Ishlinskiy  (Kiev) 


1.  Below  we  will  give  a  strict  account  of  the  theory  of  a 
gyrovsrtical  compass  whcse  senscr  is  a  device  similar  to  the 
so-called  gyrosphere  of  tae  "new  Anschuetz"  gyroscopic  compasses 

P#  2], 

This  sensor  can  be  considered  to  be  a  set  cf  two  gyroscopes.  The 
axes  of  the  housings  of  taese  gyroscopes  are  parallel  to  each  other, 
while  their  journal  bearings  are  rigidly  fastened  tc  the  same 
framework,  which  will  heccefcrth  also  be  called  the  gyroscopic  frame 
or  simply  the  gyroframe  (Fig*  1)*  in  a  t wo-gyrcsccpe  compass,  this 
frame  is  surrounded  by  a  spnencal  shell  and  is  submerged  in  a 
liquil,  which  provides  extremely  perfect  suspension  of  the  framework 
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with  almost  no  friction  (Fig 


Fig.  1. 


Fig.  2, 


'Jo  will  assume  that  tae  center  of  suspension  of  the  framework 
moves  over  a  certain  sphere  S  with  radius  B  which  surrounds  the 
Earth,  while  the  force  cr  gravity  cf  the  framework  to  the  Earth  is 
reduced  to  the  single  fence  F  applied  to  the  center  of  gravity  of  the 
framework  (together  with  the  gyroscopes)  and  directed  toward  the 
center  of  the  sphere. 


<Je  will  consider  that  the  sphere  S  does  not  participate  in  the 
Earth's  rotation  and  its  orientation  relative  to  stationary  stars 
does  not  change.  In  the  future,  the  translaticnal  motion  of  the 
sphere  is  insignificant,  since  it  takes  place  with  vanishingly  small 
acceleration.  Therefore,  we  can  consider  the  center  of  the  sphere  S 
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to  be  fixed. 

As  we  will  show  later,  it  is  very  easy  tc  investigate  the 
movement  of  the  sensor  relative  to  fixed  sphere  S  [ 3  ]. 

We  will  disregard  the  forces  of  friction  in  the  suspension  of 
the  frame  itself  and  in  tne  bearings  of  the  axes  of  the  gyroscope 
housings,  as  well  as  unavoidanle  assembly  defects,  e.g.,  the  presence 
of  axial  and  radial  gaps  in  tne  bearings  and  residual  inequilibriua 
cf  the  gyroscopes  arcunc  the  axes  cf  their  horsings. 

We  will  assume  that  lue  ter  the  sensor  cf  a  two-gyroscope 
compass,  a  special  gear  drive  (cr  four-component  mechanism)  turns  the 
gyroscope  housings  relative  to  the  framework  to  different  sides  at 
angles  which  can  be  considered  tc  ce  equal  (Fig.  1  and  2). 


2.  According  to  the  pracession  (so-called  elementary)  theory  of 
gyroscopic  phenomena,  we  will  consider  the  total  kinetic  moment  H  of 
the  entire  gyroscopic  fraaewoix  to  be  equal  tc  the  geometric  sum  of 
the  intrinsic  kinetic  moments  of  tne  gyroscopes  B'  and  B",  which  have 
the  same  values.  Se  will  use  2t  tc  designate  the  angle  between  the 
axes  of  natural  rotation  of  the  gyroscopes  (Fig.  1) .  Than 


H  —  2B  cos  e  (B-B'-B*)  (1) 


The  total  kinetic  moment  A  is  directed  along  the  bissectrix  of 
angla  26.  Becausa  of  the  presence  of  the  aforementioned  gear  drive, 
the  vector  H  does  not  change  position  relative  to  the  framework. 

He  will  bind  coordinate  system  xyz  with  its  origin  in  the  center 
cf  suspension  to  the  fraaewarx,  with  the  y-axis  directed  parallel  to 
the  victor  H,  and  the  z-axis  parallel  to  the  axes  of  the  gyroscope 
housings.  The  position  cf  the  x-axis  is  thereby  uniquely  defined 
(Fig.  3)  . 


Fig.  J. 


He  will  use  <■>*.  <*>»,  «,  to  designate  the  projections  of  the 
angular  velocity  of  the  framework  relative  to  sphere  S  (or, 
equivalently,  relative  to  a  counting  system  bound  to  stationary 
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stars)  onto  the  axes  of  tais  coordinate  system.  The  axpressicns 

-gp  +  ,  —  oi,H v,  x  —  <jixH ,,  -jj-  ■+■  Wjff,  OyHi  (2) 

are  the  projections  of  the  velocity  of  the  end  of  the  vector  of  the 
kinetic  moaent  of  the  gyroscopic  rrame  H  onto  the  x- ,  y-  and  z-axes, 
with  the  assumption  that  the  origin  of  the  vector  is  fixed.  According 
to  the  known  theorem  of  mechanics,  these  projections  are  equal  to  the 
sums  of  the  moments  of  the  forces  acting  on  the  framework  around  the 
same  axes,  respectively.  »e  will  designate  these  sums  as  Mx  #  fl^and 

ff 


The  kinetic  moaent  cf  tha  rraaework  is  directed  along  the 
y-axi3.  Therefore, 

//,= 0,  Hv=  ff=x2ficose,  Ht~  0. 

As  a  result,  we  will  nave  the  three  equations: 

—  w,  //  =  Mx,  ~=My,  t (3) 

In  the  case  in  question,  the  gyroscopic  framework  is  a 
mechanical  system  with  fcur  degrees  of  freedom.  Therefore,  in  order 
to  completely  describe  tha  laws  cf  its  movement,  we  should  add 
another  equation  containing  the  projection  of  the  angular  velocity  «y 
to  equations  (3) .  For  this  purpose,  we  will  point  out  that  the 
projections  of  the  velocities  cr  the  ends  of  the  intrinsic  kinetic 


moments  of  tha  gyroscopes  onto  tea  z-axis  ara  expressed  by  the 
formulae 

o>xBv‘  —  w«B*'  =  Mt ,  oixBv“  —  <*yBx  =*  Mt  (4) 

Here  and  M**.  are  the  sums  of  the  moments  of  the  forces  acting 
cn  the  housings  of  each  cf  the  gyroscopes  around  the  axes  of  these 
housings,  and  the  values  aj [,  BJ.  are  the  projections  cf  the 

intrinsic  kinetic  moments  of  tne  gyroscopes  cf  the  frame  B*  and  B" 
ento  the  x-  and  y-axes,  respectively.  Obviously  (Fig.  3) 

BX=—BX"  =  B  sine,  By'  —  Bv“  =  B  cos e  (5) 

According  to  the  precession  (elementary)  theory  of  gyroscopes, 
only  the  intrinsic  kinetic  moments  of  the  gyrosccpa  rotors  are 
considered  in  the  equations  cf  movement  cf  the  mechanical  system.  Th 
remaining  kinetic  moments  and  tne  changes  corresponding  to  them  are 
not  considered.  Thus,  we  should  consider  the  forces  directly  applied 
to  the  framework  to  be  balanced  relative  to  each  other.  In 
particular,  we  will  have 

M,  -  Mx  -  Mx’  =  0  (6) 

Here  the  moments  and  are  the  counteraction  of  the 

gyroscope  housings,  to  the  axes  cf  which  moments  and  M^_are 
applied  by  the  framework.  Substituting  the  expressions  for  moments  n 
and  fl in  relationship  (t)  according  to  formulae  (4)  and  considering 


equations  (1)  and  (5),  we  uili  again  obtain  the  third  equation  in 
(3)  . 

How  we  will  fornulate  the  difference  of  moments  H and  and 
designate  it  as  N.  According  to  formulae  (4)  and  (5) ,  we  will  have 

N  =  Mt  ~  Mi’  “  —  “w  2 B  sin  »  (7) 

Moment  N  can  be  created  oy  a  special  spring  device  (Pig.  2).  In 
this  case,  it  is  a  function  cr  angle  £. 

Thus,  the  movement  of  the  gyroscopic  frame  is  determined 
according  to  relationships  (3),  (7),  and  formula  (1)  by  the  following 
four  aquations 


—  <•>,  2  B  cos  e  =  A/„ 

ci>x  2iJ  cos  e  =  M: 

2 B  cos*  =»  AfJ, 

—o>y2 B  sin  •  s*  N 

3.  It  turns  out  that  the  parameters  characterizing  tha 
gyroscopic  framework  and,  in  particular,  tha  fora  of  the  dependence 
of  moment  N  on  angle  £,  can  te  selected  so  that  when  tha  specified 
initial  conditions  ara  satisfied,  the  z-axis  will  always  be  normal  to 
sphere  S,  as  if  the  suspension  point  of  the  framework  did  not  move 
ever  it. 

In  order  to  prove  this  interesting  theorem  of  theoretical 
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mechanics,  we  should  use  equations  (8)  and  explain  the  circumstances 
under  which  they  can  be  satisziea  identically. 

tie  will  introduce  a  certain  moving  coordinate  system  €*?j*5*, 
whose  origin  is  located  at  the  suspension  point  of  the  gyroscope, 
while  the  €*-,  Tf*-  and  £*-axes  are  oriented  toward  stationary  stars. 
Equations  (8)  are  precisely  taa  equations  of  movement  of  the 
gyroscopic  framework  relative  tc  tnis  coordinate  system.  Along  with 
the  force  of  gravity  tc  tne  Earth's  center  and  the  reaction  cf  the 
suspension,  the  forces  acting  on  tne  framework  should  include  the 
forces  of  inertia  of  its  translational  movement,  together  with  the 
progressively  moving  coordinate  system  5*v^*5*.  The  latter  are  reduced 
to  the  single  force  Q  applied  tc  tne  center  cf  gravity  of  the 
framework.  The  projections  of  tnis  force  onto  the  axes  of  coordinates 
x,  y  and  z  are: 

Qx  =  —  mwx,  Qv  =  —  mwv,  Q,  -  —  mwt  (9) 

Kere  m  is  the  mass  cf  the  framework  together  with  the  housings 
and  rotors  of  its  gyroscopes,  w?,  an<3  ar<s  the  projections  of 
the  acceleration  of  the  suspension  point  of  the  framework  as  it  moves 
ever  sphere  S  onto  the  axes  cf  the  coordinate  system. 


According  to  the  known  kinematic  formulae  [4] 
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4 

(10) 

where  v ^ ,  v^,  are  the  projections  of  the  velocity  of  the 
suspension  point,  and  are  the  projections  of  the  angular 

velocity  of  the  framework  itself  and,  consequently,  also  coordinate 
system  x,  y,  z  relative  to  spaare  i.  Since,  by  assumption,  the 
suspension  point  moves  ever  spnare  S  and  the  z-axis  must  be  normal  to 
this  sphere,  [ 3  ] 

Vx  —  UB/(,  Vv  =  — “ifl,  Vt  =  0  (11) 

rising  formulae  (9),  (10)  and  111),  the  projections  of  force  Q 
onto  the  axis  of  coordinate  system  xyz  can  now  fce  represented  as 

Q  =*  —  mR.  {—£  -f  wjw,)  ,  Qv=z  —  mJi(—  + 

_  Qt  =  —  tnR  (—»**  —  «„*)  (12) 

Let  the  center  of  gravity  cf  the  framework  be  located  on  the 
negative  part  of  the  z-axis  at  a  distance  2  from  the  suspension 
point.  In  this  case,  the  force  cf  gravity  is  directed  along  the 
z-axis  and,  therefore,  its  moment  relative  to  the  suspension  point  is 
equal  to  zero.  The  same  is  true  of  the  component  of  the  force  of 
inertia  of  translational  motion  ana  the  force  cf  the  coupling 


dvx 

wx  = 

IT 

+ 

—  Wjtfy 

<b>v 

wv  = 

dt 

+ 

—  0)xVt 

dvt 

wt  = 

dt 

+ 

CiXVy 

—  <*yVx 

reaction.  Therefore,  it  suffices  tc  find  the  moments  of  forces  Qx  an 


Q relative  to  the  x-,  y-  and  z-axas  in  order  to  determine  moments 
Mx,  and  As  a  result#  wa  obtain  the  expressions 

Mx  =  lQy,  Mv  =  —  IQZ,  Mt  =  0  (13) 


Substituting  these  expressions  in  equations  (3)  and  considering 
formula  (11),  we  obtain  tae  following  equations: 


—  <a>z2 B  cos  e  =  ml  Ft  .  wx2 B  cos  s  =  0 

^  (2B  cose)  =  mlR )  — o>y2Bsiue  =  . 


which  must  be  satisfied  identicaili. 


According  to  the  third  expression  (if  we  do  not  consider  the 
exceptional  case  when  £  =  »/a») ,  we  will  have 

w*  =  0 


Mow  it  is  not  hard  to  see  that  the  first  two  aquations  cf  (14) 
are  satisfied  if  the  condition 


2 B  cos  t  =  H  —  mlR  <*>u 


is  observed. 


Using  this  condition  to  eliminate  the  value  u ^  from  the  fourth 

t 

equation  of  (14),  we  arrive  at  tna  relationship 

N  =*■  —  ^rr,  cos  i  sin  «  (17) 
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which  determines  the  unknown  rora  of  the  dependence  cf  moment  N  on 
angle  C. 

Relationships  (11)  ,  (15),  (1o)  and  (17)  sake  it  possible  to 

explain  what  the  initial  conditions  of  the  sovement  of  the  gyroscopic 
frame  must  be  in  order  icc  the  uescribed  movement  to  be  possible. 
According  to  relationship  (15)  and  the  second  formula  in  (11),  we 
will  have 

»w=*0  (18) 

Therefore,  at  the  iritxai  point  in  time,  the  x-axis,  which  is 
bound  to  tha  gyroscopic  frame,  muse  be  directed  along  the  tangent  to 
the  trajectory  of  the  suspensici  point  during  its  movement  over 
sphere  S  (Fig.  4).  The  x-axis  will  only  be  tangent  to  the  above 
trajectory  at  all  times  wnen  the  remaining  initial  conditions,  which 
will  be  explained  below,  are  alsc  satisfied. 


DOC  =  0926 


£  AG  £  W 


Fig.  4. 


According  to  the  first  rcrauld  in  (11)  and  relationships  (15) 
and  (16),  we  obtain  the  eguaticD 

2 B  cos  e  s»  mlv  (19) 


where  v  is  the  velocity  ct  the  framework's  suspension  point  relative 
to  sphere  S.  Therefore,  af  the  suspension  pcint  was  v„  at  the  initial 
point  in  tine,  the  initial  value  or  angle  t„  should  be  deternined  by 


the  fornula 


,  _  mll’o 

0  if 


In  the  future,  based  on  tne  second  equation  of  (14)  and 
relationship  (15),  fornula  (19)  remains  valid  throughout  the  tine  of 
oovement  during  random  acveaent  cf  the  suspension  point.  Finally,  at 
the  initial  point  in  tine  tne  z-axrs,  which  is  parallel  to  the  axes 


DOC  =  0926 


PAGE  13 


of  the  gyroscope  housings,  snculd  oe  normal  to  sphere  S.  When  these 
conditions  are  satisfied,  according  to  relationship  (17) ,  moment  N 
will  be  such  that  on  the  oasis  cr  the  fourth  equation  in  (14),  the 
angular  velocity  component  or  tne  framework  Uy  datarmined  by  it 
satisfies  the  first  equation  in  (11). 

At  the  initial  point  in  tne,  if  conditions  (18)  and  (20)  are 
satisfied  with  a  small  error  and  tne  2-axis  is  deflected  from  the 
normal  to  the  surface  cf  S  ny  a  small  angle,  the  movement  of  the 
framework  can  be  examined  oy  studying  small  oscillations  around 
movement  during  which  the  initial  conditions  ars  satisfied  precisely. 
We  will  raturn  to  this  proolea  in  56. 


4.  Now  we  will  turn  our  attention  tc  studying  the  movement  of 
the  gyrofraae  relative  tc  tne  Earth,  considering  it  to  be  a  sphere 
with  radius  R  and  considering  that  all  of  the  conditions  in  §3  are 
satisfied  precisely. 

We  will  introduce  the  moving  coordinate  system  EjjrS,  the  E-amis 
of  which  is  directed  along  the  tangent  tc  the  parallel  to  the  east, 
the  if-axis  -  along  the  tangent  tc  the  meridian  tc  the  north,  and  the 
£-axis  along  the  Earth's  radius  upward.  We  will  place  the  origin  of 
coordinates  at  the  fraocwor*  suspension  point. 
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We  will  us 3  0  to  designate*  tna  Earth's  angular  velocity,  *  -  the 
latitude  of  the  location  (strictly  speaking,  geocentric),  and  V^,  and 
Vy  -  the  eastern  and  ncrtaarn  components  of  the  velocity  of  the 
origin  of  system  relative  tc  the  Earth.  The  projections  of  the 

velocity  of  this  point  relative  tc  sphere  S  onto  the  5-  and  ^-axes 
are  raprssentad  as  felloes; 

e  +  UR  cos<p,  v,  =  (21) 


Mow,  using  formula  (11) ,  after  first  replacing  the  letters  x  and 
y  in  them  by  ?  and  j ,  respectively,  we  obtain  the  known  formulae 


u«  =  — 


u„  =  7f  +  U  cos? 


for  the  projections  of  the  angular  velocity  of  the  triangle 
relative  to  coordinate  system  <;*?£*£*,  which  is  oriented  according  to 
stationary  stars.  As  we  know,  the  projection  of  the  above  angular 
velocity  onto  the  Q-axis  is  expressed  by  the  formula  [1] 

ut  ^  tg<p  +  f/sirnp  (23) 

We  will  use  6  to  designate  the  angle  between  the  y-  and  <»|-axes, 
counting  the  positive  diracticn  of  this  angle  as  is  shown  in  Fig.  5. 
It  is  not  hard  to  see  that  here  tne  projections  of  the  angular 
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velocity  of  coordinate  system  xyz,  which  is  bound  to  the  gyrcframe, 
onto  the  x-,  y-  and  z-ax«s  nas  the  fora: 

«*  =  ii(  cos  d  —  a,  sin  «*  =»  U(Sind  ■+■  i^cos^,  a,  —  a? —  (24) 


Fic.  5. 


According  to  the  lavs  ct  movement  of  tha  gyrofraae  given  in  §3, 
we  nu3t  plug  u*  =  0  into  tna  rirst  of  these  formulae.  Furthermore,  i 
we  replace  the  values  u*  and  ji*-  an  them  by  their  representation 
according  to  formulae  (22),  we  will  have 


tg» 


v* 

RU  CM9  +  Vg 


(25) 


Thus,  the  y-axis,  which  is  bound  to  tha  gyroframe,  is  deflected 
from  the  direction  to  the  north  by  angle  9,  which  is  determined  by 
formula  (25).  This  agrees  witn  tna  known  formula  for  the  so-called 
velocity  deviation  of  a  gyroscopic  compass. 


DO 

Now  we  will  direct  oar  attention  to  the  relationship  (19) 
between  the  kinetic  moment  of  the  gyroframe  and  the  rate  of  movement 
of  its  suspension  point  ever  spnerc  S.  Considering  formulae  (21)  and 
(1),  this  relationship  can  oe  represented1  as  follows: 

H  =-2flcos«  =  m//(rti/cos<p  +  yE)J-+-lV  (26) 


Footnote:  iThis  very  relaticnsnip  was  obtained  earlier  by  V.  G. 
Zheleznov  when  refining  tae  known  Schuler  condition  H  =  a2fi0  cos*  in 
the  approximate  theory  cf  gyroscopic  compasses.  When  the  Schuler 
condition  is  satisfied  wita  a  certain  degree  cf  approximation,  the 
deviation  of  the  gyroscopic  compass  does  not  depend  on  the  former 
values  of  the  velocity  cf  tae  snip  and  its  acceleration,  but  is 
mainly  determined  by  formula  U5) .  Other  researchers  (E.  I.  Sliv,  Ya. 
N.  Roytenberg)  refined  the  Schuler  condition  (for  the  case  of  high 
latitudes)  by  considering  only  one  eastern  component  of  the  velocity 
of  the  ship  Vg,  and  it  was  represented  in  the  form 
H  =  al(RtJ  cos*  +•  Ve)  .  Ecd  fcctncte 


The  above  information  shows  taat  relationship  (26)  acutally 
provides  precise  adherence  of  tae  deviation  cf  the  gyroscopic  compass 
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to  law  (25),  as  long  as  tne  dependence  of  the  moment  N  on  the  angles 
in  formula  (17)  is  satisfied  and,  rurthermore,  the  initial  conditions 
in  §3  are  observed,  We  will  point  cut  that  in  this  case,  the  z-azis, 
which  bound  to  the  gyroscopic  zramework,  is  directed  towards  the 
center  of  the  Earth.  Theierors,  at  forms  a  certain  small  angle  with 
the  vertical  which  depends  on  the  latitude  cf  the  location. 


5.  We  will  construct  the  dazncux  triangle  x°y°z°  with  th6  apex 
at  the  suspension  point  cz  the  gyroframe.  we  will  direct  its  x°-axis 
along  the  velocity  vectcz  of  tne  suspension  point  of  the  framework 
relative  to  sphere  S  and  tne  z°-axis  normal  to  the  sphere.  Here  the 
direction  of  the  yo-axis  is  completely  defined.  If  the  initial 
conditions  of  the  movement  of  the  gyroframe  given  in  §3  are  observed, 
the  x-,  y-  and  z-axes,  whicn  are  bound  tc  the  gyroframe,  will  always 
coincide  with  the  x°-,  and  z«-axes  during  random  movement  of  the 

triangle  over  surface  S. 

We  will  consider  the  general  case  of  the  initial  conditions  of 
the  gyroframe,  and  we  will  construct  th9  equations  of  its  movement 
relativa  to  triangle  x°y®z<>. 


We  will  define  the  position  oz  coordinate  system  xyz  relative  to 
triangle  x°y°z°  as  shown  in  Fig.  6  and  7  by  the  three  angles  a,  0  and 


W  ’  ’  ’  1  1  L  ...  ipp 
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r.  Angle  a  determines  tne  rotation  around  the  z-axis,  which  coincides 
with  the  z°-axis  of  auxiliary  coordinate  system  x'y'z*  relative  to 
system  x°y°z®.  In  turn,  angle  p  is  the  angle  cf  rotation  around  the 
x"-axis  (or,  analogously,  tne  x'-axis)  of  the  other  auxiliary 
coordinate  system  x"y"2M  relative  to  the  first,  i.e.,  the  system 
x'y'z*.  Finally,  angle  y  is  tna  angle  of  rotation  around  the  y-axis 
(it  is  also  the  yw-axisj  or  coordinate  system  xyz  relative  to  system 
x"y"z".  The  table  of  cosines  or  the  angles  between  coordinate  systems 
xyz  and  x°y°z°  is: 

I,® 

x  cot  >  co*  t  —  tin  •  tin  0  tin  t  .  tin  •  cot  t  +  con  «  tin  0  tin  t 

y  —  BID  a  COB  0  COB  «  CO*  0 

i  cot  *  (ID  v  +  tin  *  tin  0  oo*  r  tin  *  tin  r  —  co*  *  tin  0  CO*  y 


z® 

—  cot  0  tin  y 

tin  0  (27) 

oot  0COI 


Fig.  6. 


Fig.  7. 


In  order  to  obtain  tne  projection  of  the  angular  velocity  of 


coordinate  system  xyz  onto  its  same  axes,  we  should  take  the  sum  of 
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the  projections  of  the  angular  velocity  of  triangle  x°y°z°  onto  these 
axes,  as  well  as  the  relative  angular  velocities:  da/dt  of  coordinate 
systam  x'y*z'  relative  tc  x°y°zo,  a0/dt  -  of  system  x"y"z"  relative 
to  x'y'z'  and,  finally  dy/dt  of  coordinate  system  xyz  relative  to 
system  x"ywz". 

The  angular  velocity  vector  ua/dt  is  directed  along  the  z°-axis, 
and  the  angular  velocity  vector  dy/dt  -  along  the  y"-axis.  In  turn, 
the  angular  velocity  vector  dp/at  is  in  the  same  direction  as  the 
x'-axis.  The  x'-axis,  which  coincides  with  the  x"-axis,  is  the 
intersection  of  the  coordinate  planes  x<>yo  and  zx.  It  forms  angles  y, 
V2w  and  Vz*  -  y,  respectively,  with  the  axes  of  the  coordinate 
system. 

Considering  these  circumstances  and  the  cosine  table  (27) ,  we 
arrive  at  the  following  expressions  for  the  unknown  projections: 

=*  <ivs  (cos  *  cos  7  —  sin  a  sin  p  sin  7)  (sin  «  cos  7  +  cos  «  sin  p  sin  7)  +• 

+  (»«•*  +  77)  (—cos  P  sin  7)  +  J  cos  7  (28) 

wv  as  «,.«( — sin  «cojP)+  cos  a  cos  p  +  sin  p  rf- 

o>t  *  u/ (cos « sin  7  +  sin  a  sin  p  cos  7)  +  *v°  (sin  a  sin  7  —  cos « sin  peas 7)  -f 
+  (»«•*  +  J)  c°s  P  cos  7  +  sin  7 

Here  ny«  and  w,.»  designate  the  projections  of  the  angular 


velocity  of  triangle  x°y°zo  onto  its  intrinsic  axis.  According  to 
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formula  (11)#  we  will  have 

<***•»  - jp  .  ,  <*V0  “  — jjp  (29) 

where  i’?#  and  r„.»  are  the  projections  of  the  velocity  of  the  apex  of 
triangle  x°y°z°  onto  its  x°-  ana  y°-axss.  However, 

VyS  =  0  (30) 

since  the  velocity  of  tne  apex  of  the  triangle,  by  assumption,  is 
directed  along  the  x°-axis.  Considering  foraula  (29)  and  eguation 
(30) ,  according  to  expressions  (2d)  we  obtain  the  following  formulae 
for  the  projections  of  t ha  angular  velocity  of  the  gyroframe  to  the 
axes  bound  to  it: 

(sin  a  cos  y  -+-  cos  a  sin  P  sin  t)  +  («  +  ~jp)  (~~  coa  P  sin  T)  +  cos  T 
•  g>„  =•  ~  cosacosji  -p  +  ^j^sin  p  +  —•  (31) 

(sin  a  sin  y — cos  a  sin  p  cos  y)+  -f  cos  P  cos  y  ■+■  -jp  sin  y 


In  these  formulae 

v  *  v*»®,  h>  =»  u>,.8  (32) 


are  the  velocity  of  the  apex  cf  the  triangle  relative  to  sphere  S  and 
its  angular  velocity  ccaponent  along  the  normal  to  this  sphere, 
respectively.  Formulae  (31)  snould  be  plugged  into  the  left  sides  of 
equations  (18)  of  the  ecveaent  ct  the  gyroscopic  framework. 
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Now  we  will  calculate  the  rignt  sides  of  these  saaa  equations. 
According  to  the  assumption  made  in  §9,  the  force  of  gravity  ?  of  the 
gyroscopic  framework  tc  tne  Sarth  is  directed  to  the  center  of  sphere 
S  and  applied  to  the  center  ci  gravity  of  the  framework.  With  a  high 
degrea  of  precision  we  can  consider  it  tc  be  parallel  to  the  z°-axis. 
Then,  according  to  the  cosine  tanle  (27) ,  its  projections  onto  the 
x-,  y-  and  z-axes,  which  are  hound  to  the  gyrcframe,  are  represented 
ty  th a  expressions 

Fx  =*  Fcosflsiiif,  Fy  = —  F sin  p.  Ft  =  — /'cospcosg  (33) 

In  order  to  calculate  similar  projections  of  the  force  of 
inertia  Q  of  the  translational  movement  (see  §3) ,  we  should  first  use 
formulae  (12) ,  representing  taam,  with  consideration  of  equations 
(29)  ,  (30)  and  (32) ,  as 

Q* «-  —  m  ,  QV'  —  —  Q,>  *  m  (34) 


?e  will  point  out  that  formulae  (34)  can  also  be  obtained 
indiractly,  if  we  consider  that  the  expressions 


dv 

Wl  =  sr • 


u>t 


V* 

~t 


“  3T 


(35) 


[*Tr 


c 
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=  0 


are  projections  of  the  acceleration  of  a  point  moving  over  a  sphere 
cn  the  axis  of  the  Dartcux  truangla  bound  to  the  trajectory  cf  this 
point.  Here  we  must  consider  that  the  radius  cf  geophysical  curvature 
cf  the  trajectory  p^,,  the  angular  rotation  rate  w  of  the  Oarboux 
triangla  around  the  noraal  tc  the  sphere  (arcund  the  z°-axis)  ,  and 
the  velocity  of  its  apex  v  are  connected  by  the  relationship 

v  =  ti>  pg  (36) 


Using  formulae  ( 3 U )  and  the  ccsins  table  (27) ,  we  obtain  the 
following  expressions  fcr  the  projections  of  the  force  of  inertia  Q 
onto  the  x-,  y-  and  z-axes,  which  are  bound  tc  the  gyrofraae: 

Qx  «  —  m  ~  (cos  acos?  —  sin  a  sin  p  sin  7)  — 

—  mow  (sin  *  cos  7  +  cosasinPsiny)  +  cos^sing)  (37) 

Qu*=  —  sin*  cos  P)  —  mt»v  cos  a  cos  p  -f  m  sinP 

Qt™  —  m  ^  (cos  a  sin  7  +  sin  a  sin  p  cos  7)  — 

—  man)  (sin*  sin 7  —  cos  a  sin  P  cos  7)  +  m-^-  cos  p  cos  7 


In  coordinate  system  xyz,  the  center  of  gravity  of  the 
gyroscopic  framework  has  the  following  coordinates:  xc  * ye  =*  0,  ze  =  —  /. 


Therefore,  the  unl<ccwn  acaents  Mx,  My,  Mt  of  the  forces 


acting  on  the  gyroscopic  rraaswcrx  can  be  represented  by  the  formulae 
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(38) 

Mx  =  l(Fu  4-  Qv)  +  A/*,  Mv  =  — /  +  ^x)  +  A/y, 

where  A/',  A/y,  A/j  are  tne  no  Beats  of  any  ether  forces  (besides  the 
forces  of  gravity  and  inertia)  wnich  are  also  applied  to  the 
gyroscopic  framework  relative  tc  tne  x- ,  y-  and  z-axes. 

As  for  the  reaction  forces  cf  the  suspension  point  of  the 
framework  or  the  forces  ci  the  pressure  cf  the  fluid  on  the 
gyrosphere  (for  a  "Kurs"  type  gyroscopic  compass)  ,  their  moments 
relative  to  the  x- ,  y-  aru  z-axes  are  all  equal  to  zero.  Replacing 
the  values  Fx,  F„,  Qx  ana  in  rormulae  (38)  by  the  expressions 
according  to  equations  <33)  and  (37)  ,  we  will  have 

A/x  =  l  m  -jj-  ( —  sin  x  cos  {5)  —  mu w  cos  x  cos  {)  +  —  F^  sin  fij  +  Mx 

Mv  =  —  1 1  —  m  ~  (cos  x  cos  g  —  sin  *  sin  {)  sin  g)  — ]  (39) 

—  m<»H>(sin  accos  g’-+-  cos*  sin  {i  sing)  -f  - F j  ( —  cos  (i  sing)j  M[ 

M,  -  M\ 

Like  (31),  these  expressions  should  be  plugged  into  equations 
(14).  As  a  result,  we  cftain  the  following  equations  of  the  xovement 
of  the  gyroscopic  framework  relative  to  the  Darboux  triangle: 
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—  (sin* sin 7  —  cos* sin (1 0087)  +  4-  008^0087  4- 
4-  ^  sin  7]  2 B  cos  e  =  ml  sin  *  cos  {3  —  mlutv  cos  *  cos  p  4- 

— IF^jsia  p  4-  df  * 

2 B  cos  e  =  ml  (cos  *  cos  7  —  sin  *  sin  p  sin  7)  4-  mlu>v  (sin  *  cos  7  4" 

4-  cos  *  sin  p  siu  7)  4-  ( 'ml  - IF^  cos  p  sin  7  4-  M*v 

£~j-  (sin  «  cos  7  +  cos  *  sin  (3  sin  7)  —  |w  +  cos  |3  sin  7  4- 

4-  cos  7  j  2 B  cos  s  =  M\  (40) 

—  [-£-  cos  *  cos  {3  4-  (<•>  4  sin  P  +  ^p]25  siat  —  JV  (•) 

Equations  (40)  arc  valid  fox  any  gyroscopic  framework. 
Furthermore,  if  we  set 

Mx  =»A/#“M,=»0  ) 

in  them,  and  if  we  use  formula  (17)  for  moment  N  (g,)  ,  they  will  be 
related  to  the  movement  cf  our  special  gyroframe,  the  properties  of 
which  are  given  in  §3.  in  this  case,  as  cne  vculd  expect,  equations 
(45)  are  satisfied  precisely,  if  we  set 

«-p-7-0  (42) 

in  them  and  if  we  find  angle  t  rica  relationship  (19). 


K  “ 
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In  this  case,  functions  v  =  v  (t)  and  u  =  u  (t)  ,  which  give  the 
movement  of  the  suspensicn  point  or  the  gyroframe  over  surface  S,  can 
be  completely  arbitrary.  4hen  relationships  (42)  and  (19)  are 
satisfied,  the  gyroscopic  frameworx  moves  as  was  described  in  §§3  and 
4.  That  is  to  say,  the  kinetic  moment  of  the  framework,  which  is  in 
the  direction  of  the  y-axis,  remains  perpendicular  to  the  velocity 
vector  of  the  suspension  point  relative  to  sphere  S  during  any 
movement  of  this  point.  The  z-axis,  which  is  parallel  to  the  axes  of 
the  housings  of  the  gyroscope  rrameworks,  continuously  passes  through 
the  canter  of  the  sphere. 


6.  Equation  (40)  of  the  movement  of  the  gyroscopic  framework 
around  the  axes  x°y°z°  of  the  Darccux  triangle,  which  is  bound  to  the 
trajectory  of  movement  ct  tne  suspension  point,  is  too  complex  for 
studying  the  movement  cf  tne  rramework  in  the  most  general  case. 
Therefore,  we  will  limit  ourselves  to  studying  small  movements  of  the 
framework  relative  tc  this  triangle.  On  the  basis  of  this,  we  will 
retain  only  the  first-crcer  farms  relative  to  angles  a,  6  and  7  and 
their  time  derivatives  in  eguaticns  (40)  . 


Keeping  equations  (41)  and  formula  (17)  in  mind,  we  will  have 
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-{£ - ff  P  +  W)2B  co9e  =  i[m^a-(f-m4)?-m^] 

Jy-(2#  cose)  =  1  ^mv(jxt  —  [f  —  +  m 

(■^-  +  ^-«-^)2fic°se  =  0  (43) 

-($•  +  “£  +wP)2flsin.  =  --^co9«.in. 

These  equations  should  be  considered  tc  fce  the  equations  of  the 
disturbed  movement  of  the  gyroscope  framework  relative  to  the  initial 
movement,  during  which  the  angles  a,  0,  7  and  t-  are  determined  by 
relationships  (42)  and  (19).  suosequently  designating  angle  t,  of  the 
undisturbed  movement  as  t° ,  in  equations  (43)  we  will  have 

i  »  »•  + 1 

where  6  is  a  small  value  of  the  same  order  of  magnitude  as  angles  a, 

0  and  y,  Preserving  the  fixst-craer  terms  already  related  to  all  four 
angles  a,  0,  y  and  y  in  equations  (43)  ,  and  considering  that 
according  to  condition  (19),  we  snculd  set 

2 B  cos «°  «•  mlv  (45) 


we  arrive  at  the  system  of  equations  of  the  disturbed  movement  of  the 
gyroscope  framework 
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—  mlv  ~  — ml  —et+lF^  =» — ai2fisiu*°£ 

at  at 


dfi  1> 

It  +  T“  =  wT. 


dy  2.B  sin  *® 
at  +  mlH 


—  (iij) 


— (2fi  sin  t°8)  +  t  ^  —  -g- j  f  =  «miux 


(46) 


If  the  velocity  of  tna  suspension  point  cf  the  gyroscope 
framework  v  and  angular  velocity  u  of  the  Darfcoux  triangls  arcund  the 
normal  to  sphere  S  are  constant,  system  (46)  will  become  a 
homoganeous  system  of  linear  ditf erential  equations  with  constant 
coefficients.  Approximately  assunng  that 

F--^^F^mg  (47) 

where  g  is  the  acceleration  or  the  force  of  gravity,  we  arrive  at  the 
characteristic  equation  cf  systex  (46),  the  rcots  of  which  are 

±i  (*  +  «),  ±i(y  —  u)  (48) 


Here  » =  *rg/R 
period 


is  the  frequency  corresponding  to  the  Schuler 

T~2*VWg  (49) 


According  to  the  approximate  theory  of  a  three-dimensional 
gyrocompass  proposed  by  Gekkelar  (.  2  ],  in  this  case  two 
noninterrelated  oscillations,  eacn  of  which  has  a  Schuler  period. 


should  take  place:  the  tars t  as  related  to  variables  a  and  0,  and  the 
second  -  to  variables  7  and  6.  Ihe  above  inforaation  shows  that  the 
Gakkeler  theory  contains  sagnaficant  inaccuracies,  although  it 
generally  leads  to  correct  relationships  of  type  (17)  and  (19)  for 
selecting  the  characteristac  parameters  cf  the  gyrocoapass  sensor, 
whose  plane  xy  reaains  hcrizcntel  (according  to  Gekkeler  -  alaost 
horizontal)  during  any  maneuvers  cf  the  ship. 


If  approximate  fcmuia  (47)  remains  valid,  system  of  aquations 
(46)  can  also  be  integrated  with  variable  values  of  v  and  u,  i.e., 
during  arbitrary  movement  of  the  suspension  point  over  sphere  S. 


Actually,  using  equataons  (47)  and  (48) ,  equations  (46)  can  be 
represented  as 


d  v*  n  ZB  sin  «*8  d{i  ,  itt 

df  VJn  —  “  miyjn  '  dt  +  v  VJii 


(50) 


df  2 Bain  e° 

dt  ml  V  gR 


— 


d  j  2 B  «in  c° 
dt  V  mlVgR 


va 


Now  we  will  introduce  two  new  complex- valued  functions  cf  the 
real  argument  t  according  to  the  formulae 


*(<) 


MO 


T~ 


.  2D  sin  c°8 
ml  f  gR 


(51) 


Then,  as  it  is  easy  to  see,  system  of  equations  (50)  can  be 


DOC  =  0926 


E  4G2  29 


replaced  by  the  system  c t  two  equations 

+  m  —  zw(*.  (52> 


This  system, 
equations 


in  tcxn,  is  Dicken  down  into  two  independent 

(*  -f  f)  +  *  (»  —  «)  (“  -h  t*)  =  0 
jL(K-,i)  +  i(v  +  6.)(w-|»)-0  (53) 


which  are  immediately  integrated,  he  will  have 


t 

+  (*  =  (“o  +  t*o)  exP  (—  * 

0 

t 

=  (Ko  — H#)exp(—  i^(v  +  «)di) 


(54) 


where  jkQ  and  mo  are  the  initial  values  of  functions  Vv(t)  and  » (t)  at 
point  in  time  t  =  0. 


Using  formulae  (54)  and  (5  1),  it  is  already  easy  to  also 
represent  the  unknown  vaxxnles  a,  £,  y  and  6  in  explicit  form  as 
functions  of  their  initial  values  o0,  0O,  y0,  60  and  time  t. 


With  respect  to  variables  wfYgii,  p,  y  and  2B  sin  •“/miy'gR.,  where, 
according  to  relationship  (45) ,  t,0  is  determined  by  the  formula 
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system  of  equations  (50)  is  reduced  to  a  system  of  linear 
differential  equations  with  constant  coefficients,  as  long  as  the 
angular  velocity  w  is  ccistant.  Ine  latter  is  expressed  by  the 
formula 

l/sia?  +  -^-  tg<p  —  Q  (56) 

where  if  is  the  true  course  of  the  ship,  i.e,  the  angle  between  its 
velocity  vector  {to  be  acre  precise,  the  velocity  of  the  suspension 
point  of  the  framework)  and  the  meridian  of  the  location  counted 
clockwise  from  the  direction  to  tne  north. 

7.  The  above  theory  of  small  movements  of  the  gyroscope 
framework  around  the  senile  axes  of  the  Darboux  triangle  related  to 
the  trajectory  of  the  suspension  point  leads  to  nonattenuating 
oscillations.  The  problem  or  the  strict  substantiation  of  the 
stability  of  undisturbed  movement  aefined  by  nonlinear  equations  (U0) 
requires  additional  study,  cf  course. 

Tha  introduction  cf  attenuation  similar  to  that  used  in  ordinary 
two-gyroscope  compasses  into  the  mechanical  system  of  the  gyrofraae 
leads  to  the  manifestation  of  oallistic  deviations,  i.e.,  additional 
deviations  of  the  variatles  a,  £,  7  and  6  caused  by  the  law  of  the 
change  in  the  acceleration  of  the  suspension  point  during  its 


w 


DOC  *  0926  FACE  31 

movement  over  sphere  S.  lae  estimation  of  these  deviations  also 
requires  special  consideration,  finally,  in  the  future  it  will  be 
important  to  determine  the  distortions  introduced  into  the  movements 
of  the  gyroscope  fraaevcrx  in  question  by  the  difference  of  the 
Earth's  shape  from  a  spcere. 


Eeceived  10  Harch  1956 
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